In this paper, we studied the B (s) → (D (s) ,D (s) )ρ → (D (s) ,D (s) )ππ decays by employing a framework for the quasi-two-body decays in the perturbative QCD (PQCD) factorization approach. We use the two-pion distribution amplitudes Φ ππ , which contains both resonant and nonresonant contributions from the pion pair, to describe the final state interactions (FSIs) between the pions in the resonant region. We found that (a) for all considered decays, the PQCD predictions for their branching ratios based on the quasi-two-body and the two-body framework agree well with each other due to B(ρ → ππ) ≈ 100%; For B + →D 0 ρ + →D 0 π + π 0 and other four considered decay modes, the PQCD predictions do agree well with the measured values within errors; (b) the great difference between the PQCD predictions for B(B →Dρ →Dππ) and B(B → Dρ → Dππ) can be understood by the strong CKM suppression factor R CKM ≈ 3×10 −4 ; (c) for the B s → Dρ → Dππ and B s →Dρ →Dππ decays, however, the PQCD predictions of R s1 ≈ 0.13 and R s2 ≈ 0.14 do agree very well with the moderate CKM suppression factor R s CKM ≈ 0.14; and (d) the PQCD predictions for the ratios R Dρ and the strong phase difference cos δ Dρ of the three B →Dρ decay modes agree well with the LHCb measurements within one standard deviation.
I. INTRODUCTION
The hadronic two-body and three-body B meson decays provide rich information for studying the heavy flavor physics in and beyond the Standard Model (SM), but the three-body decays are clearly more complicated than the two-body cases due to the involvement of the resonant and nonresonant contributions, as well as the possible FSIs. In experiments, the BaBar [1] [2] [3] [4] [5] , Belle [6] [7] [8] [9] [10] [11] and LHCb Collaborations [12] [13] [14] [15] [16] [17] have reported their measurements for the branching ratios and CP violations of some hadronic three-body B/B s meson decay modes. The large localized CP asymmetries in a number of such decay channels, specifically, have raised great interests in theoretical studies .
It is fair to say that the nonresonant contributions in the three-body B-meson decays are quite difficult to calculate, since we can not separate the nonresonant contributions from the resonant ones clearly and have no good methods to estimate the non-resonant contributions reliably [45] . In the so called "quasi-two-body" approximation, the two-body scattering and all possible interactions between the two involved particles are included but the interactions between the third particle (usually referred to as bachelor) and the pair of mesons are ignored.
In a recent work [23] , the authors studied the quasi-two-body decay B → Kρ → Kππ by employing the PQCD factorization approach based on k T factorization theorem. The resonant and nonresonant contributions between two final pions are parameterized into the time-like pion form factors involved in the P -wave two-pion distribution amplitudes φ I=1 ππ , the PQCD predictions for the branching ratios and the CP-violating asymmetries as presented in Ref. [23] are in good agreement with currently available experimental measurements. By analyzing the distribution of the branching ratios and direct CP asymmetries in the pion-pair invariant mass w, they also found that the main portion of the branching ratios lies in the region around the pole mass of the ρ resonance as expected. For B + → K + ρ 0 → K + π + π − decay, for example, its differential decay rate dB/dw exhibits peak at w = m ρ , the central value of its branching ratio is B = 2.46 × 10 −6 in the range of w = [m ρ − Γ ρ , m ρ + Γ ρ ], which is around 72% of the total decay rate B = 3.42 × 10 −6 [23] . In Ref. [24] , we extend this work [23] to the cases B → P ρ → P ππ, where the P standing for kaon and other light pseudoscalar mesons (π, η, η ′ ) as well. For all B → P ρ → P ππ decays studied in Refs. [23, 24] , the PQCD predictions for their branching ratios of those quasi-two-body modes in the three-body and the two-body frameworks are well consistent with each other. This fact is generally expected since B(ρ → ππ) ≈ 100%, and it does suggest that the PQCD approach is a consistent theory for exclusive hadronic B meson decays [23, 24] .
Besides the above mentioned B meson charmless decays, the two-body hadronic charmed decays B → DM (M denotes the light pseudoscalar and vector mesons ) have also been studied by many authors based on rather different theoretical approaches [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] . Since such charmed hadronic B decay modes involve the tree operators O 1,2 only, there are much less theoretical uncertainties from the relevant QCD dynamics.
In the PQCD factorization approach, the factorization for B → DM decays was approved at the leading order of m D /m B expansion [53, 54] . Many two-body charmed decays B (s) → D ( * ) (s) (P, V, T ) have been studied in Refs. [55] [56] [57] [58] [59] [60] [61] [62] [63] . In Refs. [60, 61] , specifically, the authors analyzed [64, 65] .
In this paper, we will extend previous studies as presented in Refs. [23, 24] to the cases of the quasi-two-body charmed decays
)ππ by employing the PQCD factorization approach, and to examine if the PQCD approach are applicable to the cases involving a charmed meson as one of the three final state mesons. Since only the tree diagrams contribute to the considered decay processes, there is no direct CP asymmetry for these decays in 1 From HFAG 2016 [65] , it is easy to find the average of the measured values:
the standard model. We consider the decays B (s) →D (s) ρ →D (s) ππ (throughb →c transition ) and the CKM suppressed ones
, describe the two-pion system by using the same kind of P -wave two-pion distribution amplitudes φ
I=1
ππ as in Refs. [23, 24] , present the PQCD predictions for the branching ratios of those considered decays. By using the same Gegenbauer coefficients for the ρ meson distribution amplitudes, we also do the calculations in the usual two-body PQCD framework, and compare the numerical results obtained from the different framework of the two-body decay and the quasi-two-body decay.
This paper is organized as follows. In Sec. II, we give a brief introduction for the theoretical framework, calculate and present the decay amplitudes. The numerical values, some discussions and the conclusions will be given in last two sections. 
where O 1,2 (µ) are the tree operators, C Fig. 1 and 2 , respectively. In the light-cone coordinates, the B meson momentum p B , the ρ meson momentum p, and the D meson momentum p 3 are chosen as 
where m B denotes the B meson mass, the variable η is defined as η = w 2 /[(1 − r 2 )m 
where the momentum fraction x B , z and x 3 run between zero and unity. The momentum of pion pair p 1 , p 2 are expressed as
in which ζ is the momentum fraction for one of the pion pair and p = p 1 + p 2 . For the decays involving B s or D s mesons, one can get the relevant definitions or expressions from those as given in Eqs. (2-4) by simple replacement m B → m Bs and m D → m Ds . All discussions for the B meson decays are applicable for the cases of B s decays, unless explained specifically. The total decay amplitude A for the quasi-two-body decays B → Dρ → Dππ in PQCD approach can be written conceptually as the convolution [18, 19, 23] 
where the hard kernel H describes the dynamics of the strong and electroweak interactions in the decays, the functions Φ B , Φ D and Φ ππ are wave functions for the B meson, the final state D/D meson and the pair of pions, which absorb the non-perturbative dynamics in the process. The wave function of B meson can be written as the one for example in Ref.
[66]
where the B-meson distribution amplitude φ B is of the form
where the normalization factor N B is determined through the relation
, ω B is a free parameter and one usually take ω B = 0.40 ± 0.04 GeV and ω Bs = 0.50 ± 0.05 GeV in the numerical calculations [18, 19, 23] for the case of B and B s decays respectively.
For D meson, in the heavy quark limit, the two-parton LCDAs can be written as [53, 54, [60] [61] [62] [63] 
where For the quasi-two-body decays, the dynamics associated with the pair of the pion mesons are factorized into two-meson distribution amplitudes for the following two reasons [18, 19, 67, 68] :
(1) It is not practical to make a direct evaluation for the hard b-quark decay kernels containing two virtual gluons at leading order due to the enormous number of diagrams, while the contribution from such kinematic region is in fact not important due to the power-suppression;
(2) The dominant contribution comes from the region where the involved two energetic mesons are almost collimating to each other and having an invariant mass below
The longitudinal distribution amplitude of ρ meson is defined as the two-pion distribution amplitudes [23] :
where
with the Gegenbauer polynomial C (5t 2 − 1), t = 2z − 1, the Legendre polynomial P 1 (2ζ − 1) = 2ζ − 1. We choose the Gegenbauer coefficient a [23] . The strong interactions between the ρ meson and the pion pair with the inclusion of the elastic rescattering among the two pions are factorized into F π . The form factor F π for ρ meson is chosen as [69] 
with
here BW KS ω (s, m, Γ) are the ordinary Breit-Wigner (BW) function [70] for ω meson, while BW GS ρ,i
are the functions for the ρ and its excited states i = (ρ ′ (1450), ρ ′′ (1700), ρ ′′′ (2254)) as described by the Gounaris-Sakurai (GS) model [71] . The explicit expressions of the functions Γ(s, m, Γ), d(m) and f (s, m, Γ) in Eq. (13) can be found in Eqs. (29) (30) (31) of Ref. [69] , other relevant parameters such as c ω and c i in Eq. (12-13) can also be found in the Appendix of Ref. [69] . Here, we single out the part of ρ meson component. The equivalence between the framework with the ρ meson propagator and the present one with the two-pion distribution amplitudes leads to the relations [23] :
where g ρππ describes the strength of the ρ → ππ transition, D ρ represents the denominator of the BW function for the ρ resonance and
is associated with the normalization of the twist-2 ( twist-3) ρ meson distribution amplitudes ( f ρ = 0.216 GeV [72, 73] and f T ρ = 0.184 GeV [74] numerically).
After the integration for ζ, the differential decay rate is written as
where τ B is the mean lifetime of B meson, and | p π | and | p D | denote the magnitudes of the π and D momenta in the center-of-mass frame of the pion pair,
For the considered B (s) →D (s) ρ →D (s) ππ decays, the analytic formula for the corresponding decay amplitudes are of the following form:
where the Wilson coefficients a 1 = C 1 + C 2 /3 and a 2 = C 2 + C 1 /3, the individual amplitude F 
The hard function h i with i = (a, b, c, d , e, f, g, h, m, n, o, p) are obtained from the Fourier transformation of the hard kernels. The explicit expressions of h i and the hard scales t i will be given in Appendix. The six decay amplitudes (F (31-33,38-40 ) of Ref. [60] : the terms proportional to r 2 , rη or higher order factors are all kept here but neglected in Ref. [60] , although the resulted changes in the PQCD predictions for branching ratios are not large in magnitude.
The evolution factors E e (t), E a (t) and E n (t) in above equations are written as the form
where the Sudakov exponents are defined as
with the quark anomalous dimension γ q = −α s /π. The explicit expressions of the functions (S(x B m B / √ 2, b B ), · · · ) can be found for example in Appendix A of Ref. [75] . The threshold resummation factor S t (x) in Eqs. (23, 25) is of the form [75] :
We here choose c = 0.3 in numerical calculations. For the eight CKM suppressed B (s) → D (s) ρ → D (s) ππ decays, on the other hand, we can find the same set of analytic formula for the decay amplitudes and relevant functions by following the same procedure as for B (s) →D (s) ρ →D (s) ππ decays. The explicit expressions of all relevant decay amplitudes and functions will be given in Appendix.
III. NUMERICAL RESULTS
Besides the quantities specified in previous sections, the following input parameters (the masses, decay constants and QCD scale are in units of GeV) will be used in the numerical D (s) )ππ decays in the quasi-two-body and the two-body framework in the PQCD factorization approach by using the same set of the Gegenbauer moments. Taking B + →D 0 ρ + →D 0 π + π 0 as one example, we find the PQCD prediction for its branching ratio in the quasi-two-body framework:
where the first error comes from the uncertainties of the input parameters ω B = 0.40 ± 0.04 or ω Bs = 0.50 ± 0.05; the second one are induced by the uncertainties of the Gegenbauer moments: a The numerical results for all fourteen considered decay modes are listed in Table I and II, where the individual errors have been added in quadrature. As a comparison, we list the PQCD predictions for the branching ratios in both the quasi-two-body framework and the ordinary twobody framework 2 . The central values of the theoretical predictions obtained by employing the factorization-assisted topological-amplitude (FAT) approach [52] also be listed in the last column of the two Tables. For some decay modes considered here, the currently available experimental measurements of the two-body cases B (s) → (D (s) , D (s) )ρ as given in PDG 2016 [64] or HFAG 2016 [65] are included in Table I and II as well.
Since only the tree diagrams contribute to the considered processes here, there is no direct CP asymmetry for these considered decays. From the calculation and numerical results as listed in Table I and II, we have the following observations: 2 We calculated the PQCD predictions in the ordinary two-body framework as listed in the third column of Table I and II. These numerical results are obtained by using the formulae as given in Refs. [60, 61] but with the updated Gegenbauer moments and other input parameters, and they agree well with those as given in Refs. [60, 61] (fifth column). 
ππ decays in the quasi-two-body (second column) and the two-body (third column) framework. We also list those currently available measured values [64, 65] of the two-body cases and the central values of the theoretical predictions as given in Ref. [61] and Ref. [52] .
Decays
Quasi-two-body Two-body Data [64, 65] (1) Although the PQCD formalism are rather different for the case of the quasi-two-body and the two-body decay analysis, the PQCD predictions for the branching ratios of all considered decays obtained in both frameworks do agree very well with each other, as generally expected. The reason in indeed very simple: B(ρ → ππ) ≈ 100%. Consequently, there exist a simple relation between the decay rate of the same kinds of decays evaluated in the quasi-two-body and the ordinary two-body framework:
For B + →D 0 ρ + →D 0 π + π 0 and other four considered decay modes, furthermore, the PQCD predictions do agree well with those currently available experimental measurements [64, 65] within errors. We can take above two "good behavior" as a new indication for the reliability of the PQCD factorization approach and its applicability for the charmed twobody and/or quasi-two-body hadronic decays of B and B s mesons.
(2) For the four CKM suppressed B → Dρ → Dππ decays as listed in the first four lines of Table II , the PQCD predictions for their branching ratios are much smaller than those for the three B →Dρ →Dππ decays as given in Table I , say by about 3 − 5 orders. The major reason is the strong CKM suppression factor:
which can be seen easily from the decay amplitudes as given in Eqs. (17) (18) (19) and Eqs. (A1-A4). Taking the corresponding pairs of B →Dρ and B → Dρ decays into account, for example, the ratios of their branching ratios are of the form
(3) For the B s → Dρ → Dππ decays and B s →Dρ →Dππ decays, there still exist the CKM suppression but it is now much moderate in size than the previous cases:
We can again define the ratios of the branching ratios for the corresponding pairs of B s decays in the following form:
The PQCD predictions for both R s1 and R s2 indeed agree very well with R s CKM .
(4) In Fig. 3 , we show the w-dependence of the differential decay rate dB/dw for the first two decay modes listed in Table I . One can see directly that the main contribution to the decay rates lies in the region around the pole mass m ρ = 775 MeV of the ρ resonance. Taking the decay B + →D 0 ρ + →D 0 π + π 0 as an example, the central values (in units of 10 −4 ) of its branching ratios after making the integration over different ranges of w are of the following form:
This is an indication that the quasi-two-body framework is a very good approximation for the charmed B/B s three-body decays considered in this paper.
(5) The color-allowed emission diagrams Fig.1(a) , 1(b), 2(a) and 2(b) are generally dominant for the considered decays, but the color-suppressed nonfactorizable emission diagrams and annihilation diagrams can also provide considerable contributions to those decays with the D or D s meson as one of the final state mesons.
Because of the isospin symmetry [17] , there is a relation between the decay amplitudes A 1/2 and A 3/2 of the charmed decays
Based on such isospin symmetry, one can further define the amplitude ratio R Dρ and the strong phase difference δ Dρ between the amplitudes A 1/2 and A 3/2 in the following forms [17] R Dρ = 1 2
We found R Dρ = 0.82 (0.86) and cos δ Dρ = 0.983 (0.981) in the quasi-two-body (two-body) PQCD framework, while the measured values from LHCb Collaboration [17] are of the form: 
It is easy to see that our PQCD predictions for both R Dρ and cos δ Dρ agree well with the measured values within one standard deviation.
IV. SUMMARY
In this paper, we studied the contributions from the P -wave resonant states ρ to the D (s) )ππ decays. We considered fourteen decay modes, calculated the branching ratios by employing the quasi-two-body and the two-body framework respectively in the PQCD factorization approach. The two-pion distribution amplitude Φ I=1 ππ was introduced, the time-like form factor F π was employed to describe the strong interactions between the resonance ρ and the pion pair including two meson final state interactions.
From the analytical and numerical calculations, we found the following points:
(1) For all considered decays, the PQCD predictions based on the quasi-two-body and the twobody framework agree well with each other, as generally expected. For B + →D 0 ρ + → D 0 π + π 0 and other four considered decay modes, the PQCD predictions do agree well with the measured values within errors. It is a new indication for the reliability of the PQCD factorization approach and its applicability for the charmed hadronic decays of B and B s mesons.
(2) The great difference between the PQCD predictions for the branching ratios of B →Dρ → Dππ decays and the B → Dρ → Dππ decays can be explained by a strong CKM suppression factor R CKM ≈ λ 4 (ρ 2 +η 2 ) ≈ 3 × 10 −4 .
(3) For the B s → Dρ → Dππ and B s →Dρ →Dππ decays, however, the CKM suppression factor is moderate in size: R s CKM ≈ (ρ 2 +η 2 ) ≈ 0.14, which agrees very well with the PQCD prediction R s1 ≈ 0.13 and R s2 ≈ 0.14.
(4) The PQCD predictions for the ratios R Dρ and the strong phase difference cos δ Dρ defined based on the isospin symmetry between the three B →Dρ decay modes agree well with the LHCb measurements. 
We show here the explicit expressions of the hard functions h i (i = a, b, c, d, e, f, g, h, m, n, o, p, x, y, v, w), coming from the Fourier transform of hard kernel:
